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ECI Mechanization

Determine the position, velocity and attitude of the body frame wrt the inertial
frame

Position — Vector from the origin of the inertial frame to the origin of the body frame
resolved in the inertial frame: ~r i

ib

Velocity — Velocity of the body frame wrt the inertial frame resolved in the inertial
frame: ~v i

ib

Attitude — Orientation of the body frame wrt the inertial frame: C i
b or q̄ i

b

The inputs are ~ω b
ib and ~f b

ib
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Attitude — Method A

Body orientation frame at time “k” wrt time “k − 1”
∆t = tk − tk−1

Ċ i
b = C i

bΩb
ib

= lim
∆t→0

(
C i
b(k)− C i

b(k − 1)

∆t

)
= C i

b(k − 1)Ωb
ib

C i
b(+)− C i

b(−) ≈ C i
b(−)Ωb

ib∆t

C i
b(+) ≈ C i

b(−)
(
I + Ωb

ib∆t
) xk−1

yk−1

zk−1

~k

~ω b
ib

xk

yk

zk

Body frame
at time k − 1

Body frame
at time k
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Attitude — Method B

Body orientation frame at time “k” wrt time “k − 1”
∆t = tk − tk−1

C i
b(k) = C i

b(k−1)C
b(k−1)
b(k)

C
b(k−1)
b(k) = eΩb

ib∆t = eK∆θ

= I + K∆θ +
K2∆θ2

2!
+

K3∆θ3

3!
+ . . .

= I + sin(∆θ)K + [1− cos(∆θ)]K2

C i
b(+) = C i

b(−)C
b(k−1)
b(k)

≈ C i
b(−)

(
I + Ωb

ib∆t
)

~ω b
ib∆t = ~k∆θ

K = [~k×]

xk−1

yk−1

zk−1

~k

~ω b
ib

xk

yk

zk

Body frame
at time k − 1

Body frame
at time k
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Attitude — Method C

Body orientation frame at time “k” wrt time “k − 1”
∆t = tk − tk−1

q̄ i
b(k) = q̄ i

b(k−1) ⊗ q̄
b(k−1)
b(k)

q̄
b(k−1)
b(k) =

 cos( ∆θ
2 )

~k sin( ∆θ
2 )


q̄ i
b(+) = q̄ i

b(−)⊗ q̄
b(k−1)
b(k)

~ω b
ib∆t = ~k∆θ

Need to periodically renormalize q̄

xk−1

yk−1

zk−1

~k

~ω b
ib

xk

yk

zk

Body frame

at time k − 1

Body frame

at time k
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Attitude Update— Summary

High fidelity
C i
b(+) = C i

b(−)
[
I + sin(∆θ)K + [1− cos(∆θ)]K2] (1)

or

q̄ i
b(+) = q̄ i

b(−)⊗

 cos( ∆θ
2 )

~k sin( ∆θ
2 )

 (2)

Low fidelity
C i
b(+) ≈ C i

b(−)
(
I + Ωb

ib∆t
)

(3)

~ω b
ib∆t = ~k∆θ K = [~k×]
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Steps 2–4

2 Specific force transformation
Simply coordinatize the specific force

~f i
ib = C i

b(+)~f b
ib (4)

3 Velocity update
Assuming that we are in space (i.e., no centrifugal component)

~a i
ib = ~f i

ib + ~γ i
ib (5)

Thus, by simple numerical integration

~v i
ib(+) = ~v i

ib(−) + ~a i
ib∆t (6)

4 Position update
by simple numerical integration

~r i
ib(+) = ~r i

ib(−) + ~v i
ib(−)∆t + ~a i

ib

∆t2

2
(7)
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ECI Mechanization Summary

C i
b(+) = C i

b(−)
[
I + sin(∆θ)K + [1− cos(∆θ)]K2]

or
C i
b(+) ≈ C i

b(−)
(
I + Ωb

ib∆t
)

or

q̄ i
b(+) = q̄ i

b(−)⊗

 cos( ∆θ
2 )

~k sin( ∆θ
2 )


and

~f i
ib = C i

b(+)~f b
ib

~a i
ib = ~f i

ib + ~γ i
ib

~v i
ib(+) = ~v i

ib(−) + ~a i
ib∆t

~r i
ib(+) = ~r i

ib(−) + ~v i
ib(−)∆t + ~a i

ib

∆t2

2

4
Position
Update

3
Velocity
Update

2
SF

Transform

1
Attitude
Update

~ω b
ib

~f b
ib

~f i
ib

~g i
b(~r i

ib)

~v i
ib(+) ~r i

ib(+)C i
b(+)

C i
b(−)

~v i
ib(−)

~r i
ib(−)

What is the importance of ∆t?
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ECI Mechanization — Continuous Case

In continuous time notation
Attitude: Ċ i

b = C i
bΩb

ib or ˙̄qib = 1
2 [ω̆b

ib~]q̄ i
b(t)

Velocity: ~̇v i
ib = C i

b
~f b
ib + ~γ i

ib

Position: ~̇r i
ib = ~v i

ib

In State-space notation 
~̇r i
ib

~̇v i
ib

Ċ i
b

 =


~v i

ib

C i
b
~f b
ib + ~γ i

ib

C i
bΩb

ib

 (8)

or 
~̇r i
ib

~̇v i
ib

˙̄qib

 =


~v i

ib

C i
b
~f b
ib + ~γ i

ib

1
2 [ω̆b

ib~]q̄ i
b(t)

 (9)
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Appendix

[q̄⊗] =


qs −qx −qy −qz
qx qs −qz qy
qy qz qs −qx
qz −qy qx qs



[q̄~] =


qs −qx −qy −qz
qx qs qz −qy
qy −qz qs qx
qz qy −qx qs



Aly El-Osery, Kevin Wedeward (NMT) EE 565: Position, Navigation and Timing Spring 2023 10 / 10


