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Tangential Mechanization — Continuous Case

@ In continuous jtlme notation
o Attitude: Cj = Cbe - - -
. ¢ ot G5 =& =G
e Velocity: v tb = be —-2QLV,
-
e Position: r,b = th
@ In State-space notation

>t 7t

) Vib

St | — teb | =t t =t

Vie| = | Cofip + 85 — 25V (1)
~t tOb

Cb Cthb
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Tangential Mechanization — Continuous Case

@ In continuous time notation

Attitude: Cf = Cbe b _ b, ~
° L u. . ok — gb + gb
e Velocity: v tb = be —2QLVE,
e Position: r,b =vi
@ In State-space notation

>t 7t

) Vib

St | — teb | =t t =t

Vie| = | Cofip + 85 — 25V (1)
~t tOb

Cb Cthb

What is the effect of sensor noise in the measurements LD’,% and fl-g on the navigation
solution position, velocity and attitude?
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Tangential Attitude Error NEW MEXICO TECH

. d - A
Ci = Ci9b, = Ci(Qh — Q) = = (T + 00D E| =

Attitude
e0
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Tangential Attitude Error NEW MEXICO TECH

. d - A
Ci = Ci9b, = Ci(Qh — Q) = = (T + 00D E| =

(Z + [59%, x]) CLQE, = (00 X CE + (T + [0 x]) CE =

Attitude
e0
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Tangential Attitude Error NEW MEXICO TECH

: d - A
Ch=Chap, = Gy(, —QR) = [(Z + [6w§b><])Cé} =

(Z + [&be])étmfb = [&Zgbx]éé +(Z + [&be]) Ag =
(Z + [5J§bx])€t§(ﬁfb +6Qp, — 6Qp) =

e} —

Attitude
e0
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Tangential Attitude Erroi NEW MEXICO TECH
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€t = cas, = Ch@ly — ) = & [+ 50, 1) G5 =

(Z + [59%, x]) CLQE, = (00 X CE + (T + [0 x]) CE =
(T + [608, x]) CE(QE, + 608 — 008 =

b .
(T + [698,x]) ChQ2, + C(09Q8, — 6QR) = - [690%, x]6Q8, ~ 0

Attitude
e0
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Tangential Attitude Error NEW MEXICO TECH

. d - ~
Ci = Ci9b, = Ci(Qh — Q) = = (T + 00D E| =

Attitude
e0

Aly 1 (NMT) b on and Timing



Tangential Attitude Erroi NEW MEXICO TECH
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|
3
3
d

€t = cas, = Ch@ly — ) = & [+ 50, 1) G5 =

(Z + [0t x]) CQY, = [0, x] CE + (T + [55%,x1) CE =
(T + [608, x]) CE(QE, + 608 — 008 =
(T + [608, x])CEQL, + CL(6QE — 008 =

[0t x] = CH(Qb, — 6Q5)CE = [CE(6a3 5, — 6aE) ] (2)

Attitude
e0
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Tangential Attitude Erroi NEW MEXICO TECH

SCIENCE + ENGINEERING « RESEARCH UNIVERSITY,

|
3
3
d

€t = cas, = Ch@ly — ) = & [+ 50, 1) G5 =

(Z + [0t x]) CQY, = [0, x] CE + (T + [55%,x1) CE =
(T + [608, x]) CE(QE, + 608 — 008 =
(T + [608, x])CEQL, + CL(6QE — 008 =

[0t x] = CH(Qb, — 6Q5)CE = [CE(6a3 5, — 6aE) ] (2)

Sty = CL(0wh — o) (3)

Attitude
e0
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Tangential Attitude Error (cont.) NEW MEXICO TECH

Sty = CL(0wh — owh)
= Clowh — C(ah — &ib)
= C§5W,b (Cb Cb )H,te

_ tc— Tt =t
= Cb5wib + 0 X Wi

Attitude
oe
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Tangential Attitude Error (cont.) NEW MEXICO TECH

Sty = CL(0wh — owh)
= Cb5wlb - Cg(ﬁb - 5,%)
= C[g(swlb (Cbcb )Ht

Ie

= CLoaf, + oty x &,

o, = Cloash — QLY (4)J

Attitude
oe
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Velocity NEW MEXICO TECH

‘.7§b C FﬁﬂL — 201V}, (5)
V= G b + 8t — 2047, 6)
=(Z - [5¢rb><])cb(fi 5’??13) +g —2Qfv %

Velocity
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Vi, = Chf b+ 8 — 2057, (5)
v, = CiF b + g — 2QL v, (6)
= (T — [00x])CE(F i — 6F ) + &8 — 25V Y,

~+ +

b = [00f X CEF fy + CLoF by + 085 — 2QL67 4,
—[&btbx]be —|—Cb5f +0gf — 2QLovE,

Velocity
o
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Velocity NEW MEXICO TECH

==C Fﬁn“’gb 201V 5, (5)

v

aib = be ib + gb Q;eagb (6)
= (Z - [00fx])CE(F iy — 0F §) + & — 2LV},

5‘.7§b:‘.7§b—‘-/tb—[5¢tb><]cbf + CLoF by + 081 — 2QL07 L,
=[50, x| CEF b + CLOFY, + 8g) — 20507,

5V, = —[CLFb <100t + CLOF Y + 6g) — 2QLV Y, (7)J

Velocity

April 9, 2023 5/16
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Gravity Error NEW MEXICO TECH

o ac2e0(Lp) 7S
dgh ~ C2EUD) Lab (e )T s, )
(Lb) |reb’2

Gravity
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Position

.
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Position
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Summary - in terms of 5f,b, NEW MEXICO TECH
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605, — 033 033 St
— | _[étfe 260(Ls) Téh (Be \T Pe
5th - _[Clgfibx] _29;6 Ct O(L)|?eb‘2( ) C 5th +
0Tty | Osx3 I3x3 O3x3 OF ()
(0 ¢ .
. A
¢t oo
5h
0

Summary
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Notation Used NEW MEXICO TECH

@ Truth value

X
@ Measured value

X
e Estimated or computed value

X

@ Error

[«%)
X1
I
X1
|
X1

Basic Definitions

[ ]
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Notation Used NEW MEXICO TECH

Nothing above

o Truth value

@ Measured value

X
e Estimated or computed value
X
e Error
XR=X—-X

Basic Definitions
[ ]
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Notation Used NEW MEXICO TECH

@ Truth value

X
@ Measured value e
Use “tilde
e Estimated or computed value
X
e Error
X=X-—X

Basic Definitions
[ ]
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Notation Used NEW MEXICO TECH

@ Truth value

X

@ Measured value

X1

e Estimated or computed value

@ Error “Use hat”

[«%)
X1
I
X1

|
X1

Basic Definitions

[ ]
Aly E g 3 9/16




Notation Used NEW MEXICO TECH

@ Truth value

X
@ Measured value

X
e Estimated or computed value

X

@ Error

Basic Definitions

[ ]
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Linearization using Taylor Series Expansion NEW MEXICO TECH

Given a non-linear system X = f(X, t)

Linearization




Linearization using Taylor Series Expansion NEW MEXICO TECH

Given a non-linear system X = f(X, t)
Let's assume we have an estimate of X, t.e., X such that X = X + §X

%=X+ 0% = f(%+ 6%, 1) (12)

Linearization
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Linearization using Taylor Series Expansion NEW MEXICO TECH

Given a non-linear system X = f(X, t)

Let's assume we have an estimate of X, t.e., X such that X = X + §X

%=X+ 0% = f(%+ 6%, 1) (12)

X

Using Taylor series expansion

- A . ~ (X, t
R+ 070 = 240k = F(3 1) + 250

X+ H.O. T
5% ﬁgéx—i— 0]

X=X

0x

A Of(X,t)

ox

Linearization
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Linearization using Taylor Series Expansion NEW MEXICO TECH

Given a non-linear system X = f(X, t)
Let's assume we have an estimate of X, t.e., X such that X = X + §X

%=X+ 0% = f(%+ 6%, 1) (12)

Using Taylor series expansion

F(R+ 6%, 1) = X + 65

Linearization

d (NM 6 b and Timing



Linearization using Taylor Series Expansion NEW MEXICO TECH

Given a non-linear system X = f(X, t)
Let's assume we have an estimate of X, t.e., X such that X = X + §X

%=X+ 0% = f(%+ 6%, 1) (12)
Using Taylor series expansion
5, so 5 5 3 Of (X, t) >
f(X+0X,t) =X+ X = f(X,1t) —1—7 0X+H.0.T
~ )2(’ + Lf(x_: 2 0xX
X |z—%
: f(x
Looga ABD 5o (13)
0X ez

Linearization




Actual Measurements NEW MEXICO TECH

Initially the accelerometer and gyroscope measurements, fb and w,b, respectively, will be
modeled as

fo=fh+Afh (14)
&b =ah + AGh (15)

where f,b and w,b are the specific force and angular rates, respectively; and Af,b and
AGE i, represents the errors. In later lectures we will discuss more detailed description of

these errors.

Inertial Measurements

PAPE] 11 /16
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Actual Measurements NEW MEXICO TECH

Initially the accelerometer and gyroscope measurements, fb and w,b, respectively, will be
modeled as

7b _ 7b

f}b - f ib + A these terms may (1 4)
b _~b be expanded further
Wi, = & 5, HAG (15)

where f,b and w,b are the specific force and angular rates, respectively; and Af,b and
AGE i, represents the errors. In later lectures we will discuss more detailed description of

these errors.

Inertial Measurements

PAPE] 11 /16
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Error Modeling Example NEW MEXICO TECH

Accelerometers

fb = by + (T + My)Fb + nla + w, (16)
Gyroscopes
5,% = Eg + (T + M) ?b + Ggf,bb + wg (17)

Inertial Measurements
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Error Modeling Example NEW MEXICO TECH

Accelerometers

£o =B+ (T + Ma)F + nl, + i, (16)
Biases
Gyroscopes
52:(I+Mg)5?b+Ggf:b+"Vg (17)

Inertial Measurements
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Error Modeling Example NEW MEXICO TECH

Accelerometers
Fb = by + (T + MF b + nl, + W, (16)

Misalignment and SF Errors

Gyroscopes

&1
ST
I
Rt
+
N
+
&l
E.B‘
+
qu
-
E.O‘
+
0q§1
S

Inertial Measurements

ion and Timing 2023 12 /16



Error Modeling Example NEW MEXICO TECH

Accelerometers
Fb = by + (T + M,)F b +(al)+ w, (16)

Non-linearity

Gyroscopes

£

B =by+(T+Mg)dh+ Gf b+, (17)

Inertial Measurements

ion and Timing 2023 12 /16



Error Modeling Example NEW MEXICO TECH

Accelerometers

—

fb = by + (T + My)Fb + nla + w, (16)

G-Sensitivity

Gyroscopes

@B = by + (T + Mg)3 5 + + Wy (17)

Inertial Measurements

ion and Timing 2023 12 /16



Error Modeling Example NEW MEXICO TECH

Accelerometers

+ la+ (16)

Noise

Gyroscopes

Inertial Measurements

ion and Timing 2023 12 /16



Pos, Vel, Force and Angular Rate Errors NEW MEXICO TECH

@ Position error

0F = Fhp— Tl (18)
o Velocity error A

0V =Vl =V (19)

@ Specific force errors
5Fb — Fb _fb 20)
AFE = AFE — AFE = 67 21)

e Angular rate errors
dwb =ob — &b (22)
Al = AT — AGE = —6a3 5 (23)

(NMT) sition, and Timing April 9, 2023



Attitude Error Definition NEW MEXICO TECH

Define
6C) = ¢l = el ~ T4 57, x] (24)

This is the error in attitude resulting from errors in estimating the angular rates.

Attitude Error
o]

(NMT) n, Navigation and Timing



Attitude Error Properties NEW MEXICO TECH

The attitude error is a multiplicative

the computed frame

Similarly,

small angle transformation from the actual frame to

¢l = (@ —[6v2,x1)C) (25)

Gl = (Z+[007,x))C] (26)

Attitude Error

oce
PAPE] 15 /16
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Specific Force and Agnular Rates NEW MEXICO TECH

Similarly we can attempt to estimate the specific force and angular rate by applying
correction based on our estimate of the error.

fh="fb—AFh (27)
&b = &b — Ak (28)

where fﬁj and o?ﬁ) are the accelerometer and gyroscope estimated calibration values,
respectively.

Estimates of Sensor Measurements

.
and Timing Apl PAPE]




	Attitude
	Velocity
	Gravity
	Position
	Summary
	Appendix
	Basic Definitions
	Linearization
	Inertial Measurements
	Attitude Error
	Estimates of Sensor Measurements


