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Coordinate Frame Transformation
e Determine the detailed kinematic relationships between the 4 major frames of interest
— The Earth-Centered Inertial (ECI) coordinate frame (i-frame)
— The Earth-Centered Earth-Fixed (ECEF) coordinate frame (e-frame)
— The Local Navigation (Nav) coordinate frame (n-frame)

— The Body coordinate frame (b-frame)

ECI/ECEF
o Relationship between the ECl and ECEF frames

— ECI & ECEF have co-located orgins
7:;6 = 'Fie = ﬁe =0

— The z, y, and z axis of the ECI & ECEF frames are coincident at time tg
— The ECEF frame rotates about the common z-axis at a fixed rate (wje)

* |lgnoring minor speed variatins (precession & nutation) w;e = 72.921151467urad/sec
(WGS84) which is ~ 15°/hr

ECI/ECEF
e The angular velocity and acceleration are
. 0 .. 0
sio=]0| &i=]o
Wie 0

e The angle of rotation is

Oic = wic(t —to)
= wiet + OarsT

where GMST is the Greenwich mean sidereal time



http://aa.usno.navy.mil/faq/docs/GAST.php

e The orientation of frame {e} wrt frame {i} becomes

A cosf;, —sinf;, 0
Ce = R(zp,,) = |sinbje cosbie 0
0 0 1
Note: @i, =&5,
ECEF/Nav
e Description of the navigation frame
— Orientation of the n-frame wrt the e-
frame
Cr = Rz Rg,—1,—90°)
[cos Ay —sinAy, 0] [—sinLy, 0 —cosLy
= [sin), cosX, O 0 1 0
| 0 0 1 cosly, 0 —sinly
[—sin Lycos A\, —sind, —cosLycos\y
= | —sinlpsin ), cosA,  —cosLysin ),
cos L, 0 —sin Ly
where geodetic Lat = L; and Geodetic oomee T

Lon = X

ECEF/Nav

e Angular velocity of the n-frame wrt the e-frame resolved in the e-frame as a skew-

symmetric matrix o - P
C’VL = C?’LQE‘VL = Qencn

Qe =celes”

Vernal Equinox

sLbsAb)-\b—cLbc)\bI'/b —cAb}\b —c)\bsLbI./b—i—cLbs;\b).\b
= _CLbSAbLb - C,\bSLb}\b —8,\1,)'\17 SLbS)\bLb - CLbC)\b).\b [CE]T
i —sLbLb 0 _CLbLb
[ 0 —N — Ly cos(Ap)
= Ao 0 —Lysin(\p)
_Lb cos(Ny)  Lysin(\p) 0
ECEF/Nav
e The angular velocity vector
sin(\) Ly, cos(A)
Gin=|—cosNLy|  GL=[C" win=1| Ly
A —sin(Ly) Ay




ECI/ECEF/Nav

o Hence the orientation of the n-frame wrt the i-frame becomes

Coe S0, 0| | =5L,Cx,  —8x,  —CLCN,
i __ Yiove
Cn - Cec’n - 59,-6 CQie O _SLbskb C)\b _CLb‘S)\b
0 0 1 —CL, 0 —SL,

—sin(Ly) cos(0ie + Np)  —sin(fie + Ap)  — cos(Lp) cos(fie + Ap)
= | —sin(Lp) sin(0;e + Ap)  cos(Bie + Ap)  —cos(Ly) sin(fe + Ap)
cos(Ly) 0 —sin(Ly)

ECI/ECEF /Nav

e The angular velocity of the n-frame wrt the i-frame resolved in the i-frame is

=1 _ =1 i=e
Win *wie+cewen

0 cos(f;e) —sin(f;) 0 sin(Ap) Ly
=10 |+ |sin(fie) cos(bse) 0| |—cos(N\y)Ly
wie 0 0 1 Ay

sin(@;c + A\p) Ly
= |- COS(eie + /\b)Lb
Wie + }\b

ECEF/Nav

e The vector from the origin of the e-frame to the n-frame origin resolved in the e-frame

(from the last lecture)

(Rg + hp) cos(Ly) cos(Ap)
ey = | (RE + hy) cos(Ly) sin(A\y) | = Ten
(RE(l — 62) + hb) Sin(Lb)

e The velocity of the n-frame wrt the e-frame resolved in the e-frame

Origins of the n-frame
and the b-frame

are the same

d ore, .  Orc, .  OFc, .
e — ___ =€ — en L en enh
Uen =3¢ en = 3L, 10T x0T o,

—sin(Ly) cos(Ay) —sin(Ay) —cos(Lyp) cos(Ap) (Rn + hy) Ly,

= | —sin(Lp)sin(Ap)  cos(Ap)  —cos(Lp)sin(Ay) | |cos(Lp)(RE + hp) N
cos(Ly) 0 —sin(Ly) —he
ECEF/Nav
e Recalling the form of Cf suggests that
(Ry + o)Ly
Uen = Cp |cos(Ly)(RE + hy) Ay | = Cri gy
—hy,




e and hence,

(R + hy) Ly,
Uen = |cos(Ly)(RE + hu) Ay
—hy
ECEF/Nav
e Restating ¥'7, as
(Ry + hb)Lb Ugn N
Tl = |cos(Ly)(Re + hy)\y | = Ui, B
—hy i b
e and recalling that
cos(Ly) N\
den=| —Ls
—sin(Ly) Ay

e Suggests that
e, g/ (RE + hy)
an = 71727L,N/(RN + hb)

— tan(Lb)UvaE (RE + hb)

Body Frame

e Description wrt the body frame

— Orientation of the b-frame wrt the n-frame in terms of

relative yaw (v), pitch (), then roll (¢) angles

¢y —Sy 0 co 0 s

o

Cy = Rz RigoRize) = [s¢ ¢ 0| 0 1

0 0 1| |—-s¢ 0 cp

COCyy  CpSeSp — ChpSyp  CpCypSe + SpSqp
= |CoSy  CpCy + S0SpSy  CpSOSy — CySg
—Sp CoS¢ CoCqp
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Body Frame

e The angular velocity of the b-frame wrt the i-frame resolved/coordinatized in the i-
frame

=i _ =i i =n
Wib _win+0nwnb

=i 1= e T =N
_wie+cewen+ nWnb

Body Frame
e Position vectors to the origin of the body frame
— The origins of the body and Nav frames are co-incident
Ty =0
— The origins of the ECl and ECEF frames are co-incident
Teb = Tib = Ten = Tin

— Velocity of the b-frame wrt the i-frame resolved in the i-frame

x Case #2: A moving point in a rotation frame

d d ;e
%rib = & el eb
= Ci5 7o + Clvg,

= Ce (7o +75)

21 =1

Uib

Body Frame

o Acceleration of the b-frame wrt the i-frame resolved in the i-frame

— Case #2: A moving point in a rotation frame

L d., d

@ip = 70 = 5 (Cé (.75 +T5))

") e —e —e i . —e e e Se
- Ce (Qier eb +v eb) + Ce %T eb + Qier eb + Vep

= Cef, (VTG +78) + Ce (078, + %)
= Ce (U QTG + 20578, + G 5)
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