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@ Determine the detailed kinematic relationships between the 4
major frames of interest

The Earth-Centered Inertial (ECI) coordinate frame (i-frame)

The Earth-Centered Earth-Fixed (ECEF) coordinate frame (e-frame)
The Local Navigation (Nav) coordinate frame (n-frame)

The Body coordinate frame (b-frame)
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o Relationship between the ECI and ECEF frames
o ECI & ECEF have co-located orgins

lie =lie =Fe =0

e The x, y, and z axis of the ECI & ECEF frames are coincident at
time ty
e The ECEF frame rotates about the common z-axis at a fixed rate
(wie)
e Ignoring minor speed variatins (precession & nutation)
wie = 72.921151467urad/sec (WGS84) which is & 15°/hr
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@ The angular velocity and acceleration are

e The angle of rotation is
Oie = wie(t — to)
= Wiet + OmsT

where GMST is the Greenwich mean sidereal time
@ The orientation of frame {e} wrt frame {i} becomes

_ cosfi —sinf O
Cé = R(g}gie) = |sin 9,’6 Ccos 9,'6. 0
0 0 1
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@ Description of the navigation frame
o Orientation of the n-frame wrt the e-frame

G = Rz Ry, ~L,—00%)

cosAp, —sindp Of |—sinl, 0 —cosly
= [sin\p cosAp, O 0 1 0
0 0 1 cosl, 0 —sinly
—sinlpcosAp —sin\p, —coslpcosAp
= | —sinlpsinAp cosAp —cosLpsinAp
cos Ly, 0 —sin Ly

where geodetic Lat = L, and Geodetic Lon
= )\p

.-

Vernal Equinox
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o Angular velocity of the n-frame wrt the e-frame resolved in the e-frame as a
skew-symmetric matrix

Q=G IC" Cs = Ceag, = 95,y
| SLySAAb — CLyCapls  —CapAb —Ca,SL, L+ crysa,Ab
= *CLbS)\b.Lb - C/\bSLbj\b *be}\b SLpSA Lb - CLbCAb}\b [CS]T
L —sLbLb 0 —cLbLb
[0 b —Lpcos(Ap)
= b 0 —Lpsin(Ap)
_Lb cos(\p) Lpsin(Ap) 0
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@ The angular velocity vector

sin(\) Ly cos(A\)A\p
(Dgn = _COS()\)Lb (‘_jgn = [le]ngn = _Lb
/-\b — sin(Lb)}\b
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@ Hence the orientation of the n-frame wrt the i-frame becomes

e —50 O | 7SLONW TSN TCLLON,
i _ rire
Cn_ CeCn = | 6 COie 0 ~SLpSAp O T LS
0 0 1 —cr, 0 n

—sin(Lp) cos(fie + Ap) —sin(fie + Ap) —cos(Lp) cos(fie + Ap)
— Sin(Lb) sin(@,—e + >\b) COS(Q,‘E -+ )\b) — COS(Lb) sin(@,-e + /\b)
cos(Lp) 0 —sin(Lp)
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@ The angular velocity of the n-frame wrt the i-frame resolved in
the i-frame is

=

Bln =Gl + CIE,
[0 cos(fie) —sin(fie) O sin(\p) Ly
= | 0|+ |sin(fie) cos(fie) 0| |—cos(Ap)Lp
Wie 0 0 1 Ab

sin(07e + Ab)Lb
= | —cos(Bie + A\p)Lp
Wie + j\b
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o The vector from the origin of the e-frame to the n-frame origin resolved in the e-frame (from the
last lecture)

(Re + hp) cos(Lp) cos(Ap)

P = | (Re + hp) cos(Lp)sin(Np) | =& Origins of the n-frame
(Re(1 — €?) + hp) sin(Lp) and the b-frame
o The velocity of the n-frame wrt the e-frame resolved in the e-frame are the same
_
—sin(Lp)cos(Ap) — sin()\b) - cos(Lb) cos(Ap) (R + hy)Lp
= | —sin(Lp)sin(Ap) cos(Ap) —cos(Ly)sin(As) | |cos(Ly)(RE + hs)Ap
cos(Lp) 0 —sin(Lp) —hy

ion and N



NEW MEXI
SCIENGE + ENGINEERING » RESEARGH UNIVERSITY

@ Recalling the form of C5 suggests that

(Rn + hy)Lp
\72,7 = Crf COS(Lb)(RE + hb)).‘b = Cﬁvgn
_j,b

@ and hence,

(Rn + hp)Lp
Van = |cos(Lp)(Re + hp)Ap
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o Restating v, as

(R + hp)Lp Venn
Ven = |cos(Lp)(Re + ho)Ap | = |V 0, ¢
7/.7b Vgn,D

o and recalling that
cos(Lp)Ap
Wep = —L
—sin(Lp)Ap
@ Suggests that
Vi, e/ (Re + hy)
Wen=1| —Vn/(Rn+hy)
—tan(Lp)V g, g/(Re + hp)
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@ Description wrt the body frame

e Orientation of the b-frame wrt the n-frame in terms of
relative yaw (%), pitch (6), then roll (¢) angles

¢y —Sy O c 0 s 1 0 0
G =RewmRyoRze) = |sv e 0] 0 1 0110 ¢ —s4
0 0 1 —Sg 0 Cp 0 S¢ Co

CoCy  CySeSp — CpSy  CyCySp + SpSy
= | CoSy CpCy T S9SpSy  CpSoSy — CypSe
—Sp CoS¢ CoCo
yb

Center of Gravity
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e The angular velocity of the b-frame wrt the i-frame
resolved/coordinatized in the i-frame

i i ian
Wi =Wip + Coid pp

=i i—e i=n
_wie+Cewen+ annb
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@ Position vectors to the origin of the body frame
o The origins of the body and Nav frames are co-incident
Fab =0
e The origins of the ECI and ECEF frames are co-incident
Feb:Fib:?en:?in
e Velocity of the b-frame wrt the i-frame resolved in the i-frame

e Case #2: A moving point in a rotation frame

i dﬂi d ioe
Vibfafibza el eb

= CQef e+ CeVp
i e we —e
= C‘e (Qiersb + Veb)
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@ Acceleration of the b-frame wrt the i-frame resolved in the
i-frame
o Case #2: A moving point in a rotation frame

=i d —‘I d i e ze —e
ajp = dt dt (C (Qle eb+ Veb))
O

Cé (QFeF:b+V:b)+C£ +Q reb-l-v

= CIQL (7S +VE) + CLQARVE, +35,)
= Co (QQrep + 295V ey +32)
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