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1 Rotation Matrix

Rotation Matrix

e The rotation matrix C is a 3 x 3 matrix requiring 9 parameters to describe and orien-

tation.
e |t can be shown that any orientation can by uniquely described using only 3-parameters.

e Some examples of 3-parameter descriptions include:
— Fixed axis rotations
— Relative (or Euler) axis rotations, and

— angle-axis rotation

Rotation Matrix
e An example
— Rotate frame {2} by 1 about the common z-axis.
To = cos(¢)Z1 + sin(y) g1 + 021
o = —sin(¥)Z1 + cos()yh + 021

cos(vp) —sin(yp) 0
C3 = |sin(y)) cos(v)) 0
0 0 1

Note
Could have rotated the frame {1} by —¢ to get C = Rz _y




Rotation Matrix
Alternatively,

< fQ,fl >=2o - T1 = |.i"2||f1| COS(’(&) = COS(’([))

< #2,7%1 > = cos(90° — ) = sin(v)
< To,Z1 > = COS(QO) =0

< @, F1 > = cos(90° — 1)
< Ga, 1 > = cos(¥)
< Y2,z1 > =cos(90) =0

< Zo,#1 > = cos(90)
< Zo, 1 > = cos(90)
< Zp,71 > =cos(0) =1
Z1 AR2
Y2
x
o) n

Rotation Matrix

o Recall that

< To, @1 >, < Yo, X1 >, < Za,T1 >

1 R R I
CQZ <-T27y1 >7 <y27y1 >’ <Z2’y1>
< Zo, 21 >, < Yo,z1 >, < Za,Z1 >

cosy —siny 0
= |sinyy cosy 0| = Rzy)

0 0 1
e Similarly,
1 0 0 cosf 0 sinf
R(;C"qg) = [0 cos (;5 —sin gb R(g’g) = 0 1 0
0 sing coso¢ —sinf 0 cosf
Rotations Don't Commute
Consider
[ cosf® 0 sinf cosy —siny 0
Rgo)Rizy) = 0 1 0 sinY cosv¥ O
| —sinf 0 cosf 0 0 1
[ cosfcosy —cos@siny sinf
sin cos 0
| —sinflcosty)  sinfsiny  cosf

costpcosf —siny cossinb
Rz Rz = |sinvcosf  cosyp  sinysind
—sinf 0 cos 6

# Rigo)Bzy)




2 Fixed vs Relative Rotations

Fixe vs Relative Rotations

e Fixed axis rotation
— conduct rotations about the original (i.e., fixed) z-, y-, or z-axis

e Relative axis rotation
— Conduct rotations about the current location (i.e., relative) of z-, y-, or z-axis

*+ Sometimes referred to as Euler rotations

An example

e Step 1: Rotate about the z-axis by %, then
e Step 2: Rotate about the y-axis by 6, then
e Step 3: Rotate about the z-axis by ¢.

Rotation Matrix

Relative Axis Rotation

21

Fixed Axis Rotation

1

x o hn
e Y1

Relative Axis Rotati Fixed Axis Rotation
€ ative AAXIs Itotation Rotate about z;
Rotate about z;

Z1 4722

o1 . Y1

Relative Axis Rotati Fixed Axis Rotation
elative Axis Rotation Rotate about y;
Rotate about yo

21

Z3
<3

T1

. R . Fixed Axis Rotation
Relative Axis Rotation Rotate about a;
Rotate about x3

%1 Y1




3 Relative Axis Rotation

Relative Axis Rotations
e |t is intuitive to think in terms of the orientation of one coordinate wrt another coor-
dinate frame

— In frame {3} frame {4} is described as C} = [}, 73, 73] = Rz,
— In frame {2} frame {3} is described as C3 = [73,73,%3] = Rz,
* Therefore, in frame {2}, frame {4} is C7 = C3C3

— In frame {1} frame {2} is described as C} = [Z3,73, 73] = R(z.y)
* Therefore, in frame {1}, frame {4} is C} = C1C3C3

Euler Angles

e In the case of relative axis: Yaw (1), Pitch (), Roll (¢) rotation sequence

Ci=C3C3C%

= Rizy)Rgo R,
[cosy —siny 0 cos# 0 sinf 1 0 0
= |sin¢ cosy O 0 1 0 0 cos¢p —sing (1)
0 0 1 —sinf 0 cos@ 0 sing cos¢

_09% CypSeSp — CpSyp  CHCopSo T S¢Sy
= [coSy CopCy + S9S¢pSy  CpSeSy — CypSg
—Sp CoSgp CopCy

4  Fixed Axis Rotation

Fixed Axis Rotations

e [t is intuitive to think in terms of taking a vector p and rotating it into a new vector
Rp both in the same coordinate frame

— The first “yaw” rotation, “rotates” the frame {1} basis vector to become the frame
; SRl o2l 21y 21 21 217 _ (1l
{2} basis vector [Z5,73, 73] = Rizy)[T1,71,71] = C3

— The second “pitch” rotation, “rotates” the frame {2} basis vector to become the

frame {3} basis vector (73,73, 23] = Rz.0)[3, 73, 73] = C3

— The third “roll” rotation, “rotates” the frame {3} basis vector to become the frame
{4} basis vector [f}p 374117 5411] = R(a_c'qb) [f§7 gé? Z;] = Ci

Fixed Axis Rotation

e In the case of fixed axis: Yaw (), Pitch (6), Roll (¢) rotation sequence

Ci = R Rgo Rz

1 0 0 cosd 0 sinf| [cosyp —sinyy 0O
= |0 cos¢ —sing 0 1 0 siny cosv¥ 0
|0 sing cos¢ —sinf 0 cosd 0 0 1 (2)
[ CoCy) —CySy S
= [CySeSp T CpSy  CopCy — SeSpSy  —CoS4
[ S¢Sy — CpCySa  CySg + cySoSy CoCy
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5 Summary

Fixed vs Relative Rotations

e Fixed Axis Rotations
— Multiply on the LEFT
- Rfinal =R,...Ra Ry

Fixed Axis Rotation
Rresultant = RfixedRoriginal

e Relative (Euler) Axis Rotations
— Multiply on the RIGHT
- Rfinal = R1R2 e Rn

Relative Axis Rotation
Rv'esultant = Rov'iginaerelative

You can mix the two types of rotations

.14




	Rotation Matrix
	Fixed vs Relative Rotations
	Relative Axis Rotation
	Fixed Axis Rotation
	Summary

