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@ The rotation matrix C is a 3 x 3 matrix requiring 9 parameters to
describe and orientation.

@ It can be shown that any orientation can by uniquely described
using only 3-parameters.

@ Some examples of 3-parameter descriptions include:

o Fixed axis rotations
o Relative (or Euler) axis rotations, and
e angle-axis rotation
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@ An example

o Rotate frame {2} by ¢
about the common z-axis.

Z1 422

5 % %
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@ An example
o Rotate frame {2} by ¢
about the common z-axis.

X = cos(1)X1 + sin(¥)y1 + 02

YQ = —Sin(’l/)))_(l + COS(Q/})yl + 0z
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@ An example
o Rotate frame {2} by ¢
about the common z-axis.
Xp = cos(¢)X1 + sin(¢)y1 + 02
Yo = —Sin(’l/)))_(l + COS(Q/J)yl + 0z
cos(¢)) —sin(¢y) 0
Cy = |sin(¥)) cos(x)) O
0

0 1
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@ An example
o Rotate frame {2} by ¢

about the common z-axis.

Xp = cos(¢)X1 + sin(¢)y1 + 02
Yo = —Sin(’l/)))_(l + COS(Q/J)yl + 07

cos(yp) —sin(y)) 0

Cr = |sin(¢)  cos(yp) 0

0 0 1
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Alternatively,

< )?27)?1 >=3%- )?1 = |)?2||)?1| COS(w) = COS(’Q/J)
< X, ¥1 > = cos(90° — ¢p) = sin(v))

< Xp,71 > =cos(90) =0 21422
< yp, % > = cos(90° — ¢)
< ya,¥1 > = cos(v¥)
< ¥o,7p > =cos(90) =0 Vo
< Zp,% > = cos(90) X1 o yi

< Z»,y1 > = cos(90)
< 22,2'1 > = COS(O) =1
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@ Recall that

. [< )?2,)_51 >, < )6,)?1 >, < ZQ,)?]_ >
C2 = [< )?27)71 >, < }72))71 >, < 223)71 >
| <X, 21>, <)2,Z1> < 2,7 >
[cosyp  —siny 0

= |sinyy  cosyp 0| = Rz y)

| O 0 1
e Similarly,
1 0 0 cosf 0 sind
Riz,¢) = |0 cos¢ —sing Ri.0) = 0 1 0
0 sing cos¢ —sinf 0 cosf
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Consider
[ cosf® 0 sinf] [cosyp —siny O
R()-,"g) R(fﬂl)) = 0 1 0 sin ’(ﬁ COST/J 0
|—sing 0 cosf 0 0 1
[ cosfcosy) —cos@siny sind
siny cos i 0
| —sinfcosy  sinflsiny  cosf

Rotation Matrix
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Consider
[ cosf® 0 sinf] [cosyp —siny O
R()-,"g) R(fﬂl)) = 0 1 0 sin ’(ﬁ COST/J 0
|—sing 0 cosf 0 0 1
[ cosfcosy) —cos@siny sind
siny cos i 0
| —sinfcosy  sinflsiny  cosf

cosycosf —siny cossinf

Rizw)Ry0) = |sintcos  cosyp  sinysind | # Ry g)Riz )
—sind 0 cos
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o Fixed axis rotation
e conduct rotations about the original (i.e., fixed) x-, y-, or z-axis
o Relative axis rotation

e Conduct rotations about the current location (i.e., relative) of x-, y-,
or z-axis

@ Sometimes referred to as Euler rotations

| vs Relat
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o Step 1: Rotate about the z-axis by ¢, then
o Step 2: Rotate about the y-axis by 6, then

o Step 3: Rotate about the x-axis by ¢.
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Relative Axis Rotation

Z1 422

X1 X0 Y2

n

| vs Relat
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Fixed Axis Rotation

V4 )

% 7
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Relative Axis Rotation
Rotate about z;

Z1 422

Y2

X
1 X2 4t

Fixed vs Rela

Fixed Axis Rotation
Rotate about z;

V4 )

Y2

X
1 X2 1

(E
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Relative Axis Rotation Fixed Axis Rotation
Rotate about y» Rotate about y;
z1 21
z3 Z3
Vs ¥3
X %) X "
X3 X3

Fixed vs Rela
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Relative Axis Rotation Fixed Axis Rotation
Rotate about x3 Rotate about xy
z1 21
Z4 Za
ya
ya
X %) X "
X4 X4

| vs Relat
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@ It is intuitive to think in terms of the orientation of one coordinate
wrt another coordinate frame

o In frame {3} frame {4} is described as C3 = [X3,73,Z3] = Riz.9)

Rela Rotation
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@ It is intuitive to think in terms of the orientation of one coordinate
wrt another coordinate frame

o In frame {3} frame {4} is described as C3 = [X3,73,Z3] = Riz.9)

o In frame {2} frame {3} is described as CZ = [%3, V3

Y3, 2321] = R(}'/‘,O)
e Therefore, in frame {2}, frame {4} is C?=C2¢C}

Rela Rotation
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@ It is intuitive to think in terms of the orientation of one coordinate
wrt another coordinate frame

o In frame {3} frame {4} is described as C3 = [X3,73,Z3] = Riz.9)

o In frame {2} frame {3} is described as C2 = [¥2,72,Z3] = R
e Therefore, in frame {2}, frame {4} is C?=C2¢C}

o In frame {1} frame {2} is described as C} = [¥3,¥3,Z}] =R
o Therefore, in frame {1}, frame {4} is Cf = GG C3 C4

Rela Rotation
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@ In the case of relative axis: Yaw (1), Pitch (6), Roll (¢) rotation

sequence

G =G CGC

Rz R0 R
[cosy —siny 0 cosf 0 sind 1 0 0
sinyy  cosv O 0 1 0 0 cos¢p —sing
0 0 1 —sinf 0 cos#d 0 sing cos¢

_Cgcqp CpSOSy — CpSyy  CopCySh + S¢S
CoSy CopCy + S9SpSy  CpSoSy — CySe
—Sp CoSp CoCo

' (1)

Relative Axis Rotation
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@ It is intuitive to think in terms of taking a vector p and rotating it
into a new vector Rp both in the same coordinate frame

o The first “yaw” rotation, “rotates” the frame {1} basis vector to
become the frame {2} basis vector
-1 =21 = 51 =21 =
[X2,y27Z%] = R(Z,w)[xlhyhzﬂ = C21

xis Rotation
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@ It is intuitive to think in terms of taking a vector p and rotating it
into a new vector Rp both in the same coordinate frame

o The first “yaw” rotation, “rotates” the frame {1} basis vector to
become the frame {2} basis vector
21 ol 217 _ 21 ol 211 _ 1
[X3.¥3. 23] = Rz X1, 71,211 = G

o The second “pitch” rotation, “rotates” the frame {2} hasis vector to

become the frame {3} basis vector
21 ol 217 _ 21 ol 2171 _ 1L
[X3,Y3.73] = Ry,0lX3.¥2, 73] = G

xis Rotation
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@ It is intuitive to think in terms of taking a vector p and rotating it
into a new vector Rp both in the same coordinate frame

o The first “yaw” rotation, “rotates” the frame {1} basis vector to
become the frame {2} basis vector
- -1 = 51 =21 =
[X%7y27zé] = R(Z,w)[xlhyhzﬂ = C21

o The second “pitch” rotation, “rotates” the frame {2} hasis vector to
become the frame {3} basis vector
21 o1 717 _ 21 o1 211 _ 1
[X3,¥3,73] = R(yﬁ)[xzv)’zazz] =G

e The third “roll” rotation, “rotates” the frame {3} basis vector to

become the frame {4} basis vector
[)?1117)741172411] = R()?’,(ﬁ)[zfli,y%vz%] = Cé%

Fixed Axis Rotation
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Fixed Axis Rotation
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@ In the case of fixed axis: Yaw (¢), Pitch (6), Roll (¢) rotation

sequence
1
G = Rz Ry Riz0)
1 0 0 cos @
= 1|0 cos¢ —sing 0
|0 sing cos¢ —sinf
[ ey —CySy
= | CySeSp T CpSy  CyCy — SeSpSy
| SpSyy — CopCySy  CySep + CpSeSy

0
1
0

sin @]
0
cos 6

So
—C9Se

Co C¢ i

cosy —siny 0

sinyy  cosyy O

0 0 1
(2)

Fixed Axis Rotation
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e Fixed Axis Rotations
e Multiply on the LEFT
o Reinat = Rn...RoRy

Fixed Axis Rotation

Rresuttant = Reixed Roriginal

Summary

ion and N



Fixed vs Relative Rotations NEW MEXICO TECH

SCIENCE  ENGINEERING « RESEARCH UNIVERSITY

e Fixed Axis Rotations
e Multiply on the LEFT
o Reinat = Rn...RoRy

Fixed Axis Rotation

Rresuttant = Reixed Roriginal

o Relative (Euler) Axis Rotations
e Multiply on the RIGHT
o Rinal = RiR>... R,

Relative Axis Rotation

Rresultant = Roriginal Rrelative

Summar
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e Fixed Axis Rotations
e Multiply on the LEFT
o Reinat = Rn...RoRy

Fixed Axis Rotation

Rresuttant = Reixed Roriginal

o Relative (Euler) Axis Rotations
e Multiply on the RIGHT
o Rinal = RiR>... R,

Relative Axis Rotation

Rresultant = Roriginal Rrelative

You can mix the two types of rotations I

Summar
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