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1 Overview

Rotation Matrices

e Recall: 3-parameter descriptions of rotation:
— Fixed axis rotations,
— Relative (or Euler) axis rotations, and
— Angle-axis rotations

e for both fixed and relative axis format order/sequence is critical

An example
e What is the description of

the ECEF frame resolved
in the ECI frame? (i.e. C?)

_ cosf, —sinf, O
Ce=Rzg,) = |sinf. cosf. 0
0 0 1

o What is 6,? i

[ 0e = wie(t — to)

An example

e What is the nav frame resolved in the ECEF frame (L.e. Cf)




R

Vernal Equinox

2 Angle-Axis

Angle-Axis Introduction

e The angle-axis format does not have the rotation in sequence issue
e FACT: Any rotation matrix Cj' can be realized via rotating by an angle 6 about an

appropriately chosen axis of rotation (k say).

Angle-Axis
e Rotation matrix formed by rotating about some

unit vector k by an angle of 8

— Firstly, note that k need only stipulate a
direction, and thus a unit-length vector is
sufficient.

e This rotation matrix can be derived by rotating
one of the principal axis (z, y, or z) onto the vec-
tor k, then performing a rotation of 8, and finally
undoing the original changes

Angle-Axis

e By, noting that

. ko
sina = ———
V2 + k2
k1
cos o =

Vk? + k3

sin 8 = /k? + k2

e we can show that




k%VG + co k1koVg — k3sg  k1k3Vp + kase
R0y = | k1kaVo + k3sg k3Vy + co koksVy — kisg M
k1ksVy — kasg  koksVp + kisg k3Vp + cg

where Vp =1 — cosé.

Angle-Axis Another Approach

e Alternatively, the angle-axis rotation matrix is related to its equivalent angle-axis pair

by
R6(t
Rz oy = €™ (2)
where
skew-symmetric
0 —ks ko
R=| k3 0 —kq (3)
—ky Kk 0
is the matrix version of the rotation axis vector k = [kl ko ]{33]T. Note: 8T = —R.

Rodrigues Formula
e Using Taylor expansion

R202%(t) N R303(t)

- — R0 —
Ry =€ =7+ RO(t) + 51 3l +
e After a bit of manipulation we can show that
Rodrigues Formula
Riouy =T+ sin(0(t))& + [1 — cos(6(t))] K2 (4)

e Multiplying out the rhs of the above equation gives us the same results as in Eq. 1

(k,0) to Rotation Matrix
e Recall that

2
k{Ve + co k1kaVg — k3sg  ki1kgVp + kasg T Ti2 713
B(k,0) = |F1k2Vp + k3sg k3 Vg + co kokgVg — k1sg| = |721  7T22  Ta23
k1k3Vg — kasg  kaokgVp + k1sg k3 Vg + cg T31 732 733

e What is the angle-axis pair (E, 0) needed to realize this rotation matrix
e Look at the trace of the matrix (Vy =1 — cosf)

Tr(R) = [k + k3 + k3] (1 — cosf) +3cos = 1+ 2cos b

Tr(R)—1 -1
6 = cos™ ! 776( ) = cos ™! r1 722 733 (5)
2 2
(k,H) to Rotation Matrix
e Also, looking for the axis of rotation
r32 — 723 = 2k15¢
r13 — 31 = 2ka5¢
ro1 — 112 = 2k35¢
o Therefore,
. 1 |Ts2— T2
k= 5. |T18 T3 (6)
s

T21 — T12




3 Example

An Example

e A satellite orbiting the earth can be made to point it's telescope at a desired star by

The Hubble telescope

performing

1. Rotate about it's z-axis by —30°, then
2. Rotate about it's new z-axis by 50°, then finally
3. Rotate about it's initial y-axis by 40°.

e what is its final orientation wrt the starting orientation?

start
C¥inal = B(g,400)R(z,-30°)R(z,500)

0.766044 0 0.642788 1 0 0 0.642788 —0.766044 0
= 0 1 0 0 0.866025 0.5 0.766044 0.642788 0
—0.642788 0 0.766044 0 —0.5 0.866025 0 0 1
0.246202 —0.793412 0.55667
= | 0.663414 0.663414 0.5
—0.706588 0.246202 0.246202

An Example (cont.)

e In order to save enerty it is desirable to perform this change in orientation with only
one rotation — How?
e Perform an angle-axis rotation

6 = cos™! <TT(R)_1> = 76.5°

2
R 1 T3 — T'93 —0.130495
k=—|rg—rs3| = | 0.649529
T21 — T12 0.749055
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