EE 570: Location and Navigation

Navigation Mathematics: Kinematics (Quaternions)

Stephen Bruder!  Aly El-Osery?

LElectrical and Computer Engineering Department, Embry-Riddle Aeronautical Univesity
Prescott, Arizona, USA
2Electrical Engineering Department, New Mexico Tech
Socorro, New Mexico, USA

February 10, 2014

EE 570: Location and Navigation



NEW MEXICO TECH

Euler angles and angle-axis rotation consist of only three elements
and they are not unique, e.g., there are orientations that are
represented by different Euler angles and angle-axis rotation.

Quaternions are 4-element representation of the rotation vectors. The
additional element makes quaternions unique. Since quaternions are
only 4 elements, they have the lowest dimentionality possible for a
globally nonsignualar attitude representation.
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@ Given a rotation vector defined as

— —

K =0k

where k and 6 are Euler axis and angle, respectively, a
quaternion is defined as
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@ Quaternion inverse
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@ Vector transformation Define
4 — 0
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then transforming a vector v P defined in the p-frame may be
transformed to the i-frame using
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@ Quaternion multiply

where
ds —q4x —qy —qz
[G0)] = dx gs —qz Qqy

a - qy ax ds
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Quaternion Multiply

@ Quaternion multiply (corresponds to reverse order DCM)

where

= _ =2 = = 1= qsps — G- P
r=q®p=|q®|p = " o o=
a@p=laelp |:qsp+Psq qx ,D:|

ds —Q4dx —Qqy —q:

i@ =
[q ] dy —qz Qs Aax

9z 4y —Q4x Qs

Stephen Bruder, Aly El-Osery (ERAUNMT) EE 570: Location and Navigation February 10, 2014

NEW MEXICO TECH

SCIENCE  ENGINEERING « RESEARCH UNIVERSITY



Quaternion to DCM NEW MEXICO TECH

SCIENCE  ENGINEERING « RESEARCH UNIVERSITY

T(q) = (42 — 1d*)Z + 2qs[gx] +24G " =

G+ar—a;—a;  2(axqy —9sqz)  2(qxqz + qsqy)
2(axqy +9s9z) 2 — a2+ a2 —q>  2(qyqz — Gsqx)
2(axqz — gsay)  2(qyq: +asax) 92— G2 — g2 + q?

The above DCM describes the orientation of the object frame as seen
afar ; i
by the reference frame, e.g., (Cb)
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TT(@) = (a2 - 1G1°)T — 2qs[Gx] + 244 " =
G+a;—a,—a;  2(qxqy +9592)  2(9x9z — dsGy)
= | 2xq —sqz) @ —aF+a2—q>  2(q,9: + 4sGx)

2(qxqz + quIy) 2(quz - qsqx) qg - q)2< - q}2/ + qg

The above DCM describes the orientation of the reference frame as
seen by the object frame, e.g., (C,-b)
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[37'®] =[ge] * =[g=]"
[7'®] = [ge] ' = [g®]"

[a®] = e3lkel — cos(6/2)T + %[l?@] sine(féZ)
[G@] = e31F*] — cos(8/2)T + ;[/@]Sine(%m

@sllas] ™ = las] fasl = |5 oo
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GePpRT=(qEP)@F=4R(P®F)
qgepar=(gep)@r=g®(p®T)
(Gep)r#q®(pT)
(Gep)@r#£q(p®T)

Stephen Bruder, Aly El-Osery (ERAUNMT) EE 570: Location and Navigation



