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Angular Velocity

e Since the relative and fixed axis rotations must be performed in a particular order,

their derivatives are somewhat challenging
e The angle-axis format, however, is readily differentiable as we can encode the 3

parameters by

K =k(1)o(t) = | Ka(t) (1)

where 6 = || K|
e Hence,

Angular Velocity

e For a sufficiently “small” time interval we can often consider the axis of rotation to be
~ constant (..e,K(t) = k)
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SR == (Ro)
@) = (k0()
= k6(t)
e This is referred to as the angular velocity (<J(¢)) or the so called “body reference”
angular velocity

Angular Velocity
d(t) = kO(¢) (2)




Angular Velocity

e This definition of the angular velocity can also be related back to the rotation matrix.
Recalling that

a _ . — ﬁgbe(t)

Cilt) = Rz, o) = ©

e Hence,

— A2, 09(t)
= (8u6m) ci )

= Cp(t) [C(t)]" = R%0(¢)

Angular Velocity
e Notice that
Rep0(t) = Skew [kfy] 0(t)
= Skew [k:gbé(t)}
= Skew [wg] = Qg

e Therefore, _ .
Cy() [Cy ()] =g,

Cf = 04,C8 )
Properties of Skew-Symmetric Matrices
0 7](13 k'g aiq k’gag — k’gag .
Ra = kg 0 —kl ag | = k3a1 — k1a3 =kxa
—kz kl 0 as k1a2 — k2a1

e Hence, we can think of the skew-symmetric matrix as
R = [kx]
e or, in the case of angular velocity

0 = [&x]




Properties of Skew-Symmetric Matrices

o Therefore,

Properties of Skew-Symmetric Matrices

Cp = QuCy
= &g, xX]Cy
= [Cpas b, X]Cy
= Cl()l[&jgbx]

= Gy

Ch = Qa0 = Gy, (4)

Summary
Angular velocity can be

e described as a vector
— the angular velocity of the b-frame wrt the a-frame resolved in the c-frame, &¢,
- (Dab = _(Dba
e described as a skew-symmetric matrix QS, = [& ¢, X]
— the skew-symmetric matrix is equivalent to the vector cross product
* when pre-multiplying another vector
e related to the differential of the rotation matrix
Cy = Q4,05 = Gy,
C’g == Zacg = 70;21920‘

Propagation of Angular Velocity
e Consider, C§ = CYC3
a
dt

a
dt
C3 = CYCy + CCy
Q203 = 25, C1C3 + CYCy 0%
g, = 05, C5 [Cg]T + 303, [CF
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